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Abstract. We study the existence and asymptotic behavior of positive and sign-changing multipeak 
solutions for the equation 

-e 2 Av + V(x)v = f(v) inM. N , 
where e is a small positive parameter, / is a super linear, subcritical and odd nonlinearity, V is a uniformly 
positive potential. No symmetry on V is assumed. It is known f |190 that this equation has positive 
multipeak solutions with all peaks approaching a local maximum of V. It is also proved that solutions 
alternating positive and negative spikes exist in the case of a minimum (see [9]). The aim of this paper 
is to show the existence of both positive and sign-changing multipeak solutions around a nondegenerate 
saddle point of V. 

Mathematics Subject Classification 2000: 35B40, 35J20, 35J55 

Keywords: nonlinear elliptic equation, saddle point, cluster, finite-dimensional reduction, max-min 
argument 

1. Introduction 
This paper deals with the following nonlinear perturbed elliptic equation 
(1.1) -e 2 Av + V(x)v = \v\ p ~ 2 v mR N 

where N > 2, e is a small parameter, the potential V £ C 1 (R Ar ,R) is bounded from below away from 
zero, the exponent p satisfies 2 < p < -J^g if N > 3 and p > 2 if N = 2. This equation arises when one 
looks for standing waves of the nonlinear Schrodinger equation 

ie^- = - E 2 Atb + V(xU - \ip\ p - 2 ip, 
at 

which appears in different problems in nonlinear optics, in plasma physics, etc. 

Equation (|1.1[) has attracted much attention: a large number of works are concerned with the question 
of semiclassical limit, that is, the behaviour of solutions when e tends to zero. This has an important 
physical interest since letting e go to zero formally describes the transition from Quantum Mechanics to 
Classical Mechanics. It has been shown that if Pq is a nondegenerate or, more generally, a topologically 
nontrivial critical point of V, there exists a family of solutions v e which develops a single spike near P 
as e — ► ([2], [4], [10], [12], [17], [20], [23], see [3] for further references). Also, when V has several critical 
points, multi-peaks have been constructed with each peak concentrating at a separate critical point (see 
[TT] . [H], [18], [22] and references therein). 
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D.R. has been supported by the Spanish Ministry of Science and Innovation under Grant MTM2008-00988 and by J. 
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In this paper we are interested in a special kind of solution for equation ([1.1)1 . the so called cluster, 
i.e. a combination of several interacting peaks concentrating at the same point as e — > + . In [19 Kang 
and Wei construct this kind of solution: more precisely, given I > 1 and Pq a strict local maximum of 
V, there exists a positive cluster with £ peaks concentrating at Pq. They also prove that such solutions 
do not exist around nondegenerate minimum points of V. After that, several papers have addressed the 
question of existence of multibump solutions concentrating around a minimum of V. This result has 
become known first for exactly one positive and one negative peak (pQ, [5]), and later under polygonal 
symmetries of V ([8]), or in the one-dimensional case ([13j). In a recent paper clusters with at most 6 
mixed positive and negative peaks have been found, see [9j. 

All previous results are concerned with the existence of a clustered solution localized around a minimum 
or a maximum point of V. So the question of whether other critical points of V may generate a cluster 
or not arises naturally. The aim of this paper is to construct both positive and sign-changing clusters 
around a nondegenerate saddle point of V. 

In order to provide the exact formulation of our results let us fix some notation. We point out that 
most of the results contained in the aforementioned papers can be extended to equations where |w| p ~ 2 w 
is replaced by a more general nonlinear term. Then we will consider the more general equation 

(1.2) e 2 Av - V(x)v + f(v) = in R N 

where we assume the following hypotheses on /: 

(fl) / S Cf+ a {R) n C 2 (0, +oo) with y/2 - 1< a < 1; /(0) = /'(0) = 0; f(t) = -f(-t) for all t e E; 
(£2) f(t) = OitP- 1 ) as t -> +oo for some 2 < p < if N > 3 and p > 2 if N = 2; 



(f3) the following limiting problem 

Aw - w + f(w) = 0, w > in R N , 



(1.3) 



w(0) = max w(x), lim w(x) = 



has a unique solution w, which is nondegenerate, i.e., denoting by L the linearized operator 
L : H 2 (R N ) -> L 2 (R N ), L[u] :=Au-u + f'(w)u, 

then 

(1.4) Kernel(L) =span|^-,...,^-J. 

By the well-known result of Gidas, Ni and Nirenberg ([15]) w is radially symmetric and strictly decreasing 
in r = \x\. Moreover, by classical regularity results, the following asymptotic behavior holds: 

where A > is a suitable positive constant. 

The class of nonlinearities / satisfying (fl)-(f3) includes, and it is not restricted to, the model f(v) = 
\v\p- 2 v with p > 1 + V2 if N = 1, 2 and p € (l + y/2, if^) if N € [3, 11] (if N > 12 the interval is 
empty). Other nonlinearities can be found in [B]. 
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Let us now state the hypotheses on the potential V that will be used. 
(VI) V £ C 2 {R N ,R) and inf R « V > 0. 

(V2) V has a nondegenerate saddle point at Po, and, without loss of generality, we may assume 
V(Po) — 1. We define r € {1, . . . , N — 1} as the number of positive eigenvalues of D 2 V(Pq), 
counted with their multiplicity. 

As already mentioned, in this paper we give two results. First, for any fixed positive integer £ there 
exists a ^-peak positive clustered solution concentrating at Po. Furthermore each peak has a profile similar 
to w suitably rescaled. More precisely we will prove the following theorem. 

Theorem 1.1. Assume that hypotheses (jl)-({3) and (V1)-(V2) hold and let I > 1 be fixed. Then, for 
e > sufficiently small, the equation II 1.2]) has a positive solution v e £ iJ 1 (R JV ). 
Furthermore there exist P^, . . . , PJ £ R N such that, as e — ► + , 

(i) v £ (x) — Yl\=\ w {~~lp~) + °( £ ) uniformly for x £ R w ; 

(ii) |Pf - P/| > 2/felogi (i ^ j) and \P? - P | < e f3 for any fixed f3 G (0, 1). 

Secondly, we prove that the equation (|1.2[) possesses a cluster with h positive peaks and k negative 
peaks approaching Po, where h and k are integers under some restrictions. The exact formulation of the 
result is the following. 

Theorem 1.2. Assume that N > 2 and hypotheses (fl)-(fS) and (V1)-(V2) hold. Let h,k satisfying 

h,k>l, £:=h + k<6. 

(i) Iff > 2, then, for e > sufficiently small, the equation il.2\) has a solution v e £ 7f 1 (R JV ). 
Furthermore there exist Pf , . . . , Pf £ M. N such that, as e — > + , 

• v e (x) = J2i=i w ( £ -p-) ~ Yl=h+i w ( E -f L ') + °( £ ) uniformly for x £ R N ; 

• \Pf - P/| > 2/3elog | (i ^ j) and |Pf - P | < e 13 for any fixed £ (0, 1). 

(ii) If r = 1, the same result as (i) holds with the additional assumption k £ {h — 1, h, h + 1}. 

We point out that positive clustered solutions have also been found for the following equation 

-e 2 Av + v = Q(x)\v\ p - 2 v in R N 

around critical points of Q ([7], [II]). In particular, as far as we know, the only work regarding clusters 
concentrating near a saddle point is [7J. However we are unaware of cluster phenomena with mixed 
positive and negative peaks near a saddle point. Theorem 11.21 seems to be the first result in this line. 

The proofs of Theorem 11.11 and 11.21 rely on perturbation arguments, which combine the variational 
approach with a Lyapunov- Schmidt type procedure. A sketch of this procedure is given in Section 2. 
Throughout the paper we will need some asymptotic estimates, made in detail in Appendix A. With this 
estimates in hand and thanks to the non-degeneracy condition (|1 .4|) , we can use the contraction mapping 
principle to solve the auxiliary equation. Since the computations are quite technical, they have been 
postponed to Appendix B. 
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In Section 3 we are concerned with the finite dimensional bifurcation equation. Alternatively, we look 
for critical points of an associated reduced functional. This is the main difficulty of our problem; here 
the reduced functional has a quite involved behaviour due to the different interactions of the potential 
and the bumps. 

It seems not easy to find the exact position of the bumps in a direct way, if no symmetry assumptions 
are made. In this paper we use a max-min technique applied to the reduced functional in the spirit of 
[9]. This max-min argument is far from obvious, specially in the case of sign-changing solutions. It takes 
into account the interaction among the bumps (which depends on their respective sign) and the effect of 
V on each bump (which depends on its spatial displacement). 

NOTATION: Throughout the paper we will often use the notation C to denote generic positive con- 
stants. The value of C is allowed to vary from place to place. 

2. The reduction process: sketch of the proof 

In this section we outline the main steps of the so called finite dimensional reduction, which reduces 
the problem to finding a critical point for a functional on a finite dimensional space. We postpone the 
proofs and details to Appendix A and Appendix B. 

Associated to (|1.2|l is the following energy functional: 



(2.6) I e : Hy(R N ) M, I s [v] := \ [ (e 2 \Vv\ 2 + V(x)\v\ 2 )dx - / F(v)dx. 

where F(t) = J* f(s)ds and 

H^(R N ) = {veH\R N ) f V(x)\v\ 2 dx < oo\. 

JUSN > 



Let us equip Hy(R N ) with the following scalar product: 



(u,v) £ 



/ (e 2 VuVv + V(x)uv)dx. 



It is well known that I e £ C 2 (H V (R N ),M.) and the critical points of I e are the finite-energy solutions of 

(El. 

Without loss of generality we assume throughout the paper that Pq = 0. Moreover, after suitably 
rotating the coordinate system, we may assume that in a small neighborhood of the following expansion 
holds: 

1 N 

V(x) = 1 + -^ \ n x 2 n + o{\x\ 2 ) as x 0, 

n=l 

where A n > for n = 1, . . . , r, X n < for n = r + 1, . . . , N. 
Consider M + , M~ £ the following diagonal matrices 

M+ =diag(Ai,...,A r .,0,...,0) M~ = diag(0, ... ,0, |A r +i|, . . . , |Ajv|), 

and set 

M = M+ - M~ = D 2 V(0) = diag(Ai, . . . , X N ), M = M+ + M~ = diagflA^, . . . , |Ajv|). 
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Next for i > 2 define the configuration space: 

r £ = \ p = (p 1 ,...,p e )eR m 



M[P] 2 < s 2 ? Mi, w(^-^) < e 2 ? for i ^ jj, 



where f3 £ (a, 1) is a number sufficiently close to 10. Observe that, according to (|i.5 

(2.7) r e c \ p = (P 1 ,...,P i )eR m 



Pi | < (mha|Ai|)- 1/2 e^ Vt, |P* -P,-| > 2/3 2 elogi for i ^ j 



For P = (Pi,...,P^) £ T £ set 

'x-P 



v e 

Let x € C^°(]R Ar ) be a cut-off function such that x( x ) = 1 if |x| < 1, so that one has x w Pi > X w p € Zfy (K ). 

We look for a solution to (jl.2p in a small neighbourhood of the first approximation x w Pi i- e - a solution 
of the form as v := x w p + 0j where the rest term <p is small. To this aim we introduce the following 
functions: 

Z Pi , n = (V(x)-e 2 A) d (x WPi) , ie{l,...,e},ne{l,...,N}. 

ox n 

The object is to solve the following nonlinear problem: given P = (Pi, . . . , Pi) £ T e , find (</>, aim) such 
that 

S e [x w P +4>] = /,<XinZPi,n, 

£ H 2 {R N )n Hlr{R N ), ( (f)Zp^ n dx = 0, i=l,...,£,n=l,...,N, 



(2.8) 



where 

(2.9) S s [v] = e 2 Av -V(x)v + f(v). 

Lemma 2.1. Set r] — (3 2 (1 + a). Provided that e > is sufficiently small, for every P £ T e there is a 
pair (0 P ,a m (P)) £ (H 2 {R N ) n Hy(R N )) x R m satisfying {Op and 

(2.10) ||0p||oo < Ce", W>p,0p) e ^Ce^ 2 ", |a m (P)| < Ce 1+ \ 
Moreover the map P £ T e i-» P <E Hy.(M JV ') is C 1 . 

We refer to Appendix B for the proof. 

For e > sufficiently small consider the reduced functional 

J e : r E -> R, J e [P] := e-^/Jxwp + </>p] - ci, 

where </>p has been constructed in Lemma |2~T1 and ci = | J RJV (|Vw| 2 + w 2 )dx — £ J RN F{w)dx. The next 
proposition contains the key expansions of J e and V J £ (see Appendix B for the proof). 



Observe that r e is nonempty, since for e sufficiently small {P | \P t \ < elog 2 i, |P 4 - Pj\ > 2^elogi for i ^ j'} C T e 
thanks to assumption (V2) and 11.51 . 
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Proposition 2.2. The following expansions hold: 

(2.H) Js[P]=?E M ^] 2 -^ Ar E^ / f(w Pt )w P] dx + o{e^), 



1=1 ijtj 



(2.12) -«-» 2 nr^ 



f(w Pi )w Pj dx 



+ o(e' 3 ), i 



uniformly for P € T £ , where C2 = \ J RN w 2 dx. 

By Lemma \A. t £ ( see Appendix A ), we have also the following expansion: 

(2.13) mp] =fl>[p,] 2 - 1 E^'K^r^) +o(£2/3) ' 

i=l z^j 
uniformly for P G r £ , where C3 = j" RJV f(w)e Xl dx. 

Finally the next lemma concerns the relation between the critical points of J £ and those of I £ . It is quite 
standard in singular perturbation theory; its proof can be found in [3], for instance. 

Lemma 2.3. Let P £ £ T E be a critical point of J £ . Then, provided that e > is sufficiently small, the 
corresponding function v £ = x w P e + <^p e is a solution of il.ty) . 

So, we conclude the proof by showing the existence of a critical point of J e . This will be accomplished 
in next section. 

3. A MAX-MIN ARGUMENT: PROOF OF THEOREM 11.11 AND THEOREM 11.21 

In this section we apply a max-min argument to characterize a topologically nontrivial critical value 
of J e . More precisely we will construct sets T> s , K, Kq C M satisfying the following properties: 
(PI) T> e is an open set, Kq and K are compact sets, K is connected and 

K dK dV e (lV e (Z T £ ; 
(P2) if we define the complete metric space T by 

T = {77 : K -> V £ I rj continuous, r)(P) = P VP G X }, 

then 

(3.14) J* := sup min J £ [r?(P)] < min J £ [P]. 

(P3) For every P G <9X> £ such that J e [P] = J*, we have that <92? £ is smooth at P and there exists a 
vector Tp tangent to &D e at P so that J^[P](rp) 7^ 0. 

Under these assumptions a critical point P £ G T> £ of J £ with J £ [P £ ] = J* exists, as a standard 
deformation argument involving the gradient flow of J £ shows. 
We define 



V E = I P G 



t,Ni 



C2 E^] 2 + c 3 E w ( 
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where C4 = min{c2, C3}. We immediately get T> s C T e . In the following we will denote by A and B the 
subspaces associated to the positive and negative eigenvalues of M respectively, whose direct sum is M. N , 
i.e. 

A = spanjei, . . . , e,.}, B = span{e,. + i, . . . , ejv}, 
where ei, . . . , ejy is the standard basis in R*. 

3.1. Definition of K, Kq, and proof of (P1)-(P2). In this subsection we define the sets K, Kq for 
which properties (P1)-(P2) hold. In addition, we will prove that 

(3.15) J* = o{e 2p ). 

For the sake of clarity we distinguish the case of positive peaks from that of mixed positive and negative 
peaks. 

3.1.1. I case: k = 0, £ = h > 1. We have Tj = 1 for alii = 1, . . . , i. Let us fix b\, . . . , be € B such that 

16,1 < 2felogi, Vt, \bi - bA > 2elogi for * ^ j, 
and define the following convex open set U of A : 

r - 

U=l( ai ,...,ae)eA e c 2 J2 M+ [ 



+ ^.l 2 < ye 2/5 

z=l 



and 



K= |P = (ai +61,..., ae + bt) er' ( ai ,...,a e ) E UV, 

K Q := jp = ( ai + h, . . . , a t + b e ) e R m {a u ...,a£)e dU}. 

K is clearly isomorphic to U by the immediate isomorphism 

(ai +bi, . . . ,a e + be) <E K < — > (01, . . . ,a e ) eU 

and Ko w 9/7. .Ko and K are compact sets, if is connected (since U is convex) and Kq C if. Furthermore 
Mia.+bi] 2 = M+[ ai ] 2 2 = Af+[a 4 ] 2 +0(e 2 log 2 ±), analogously M [a;+6;] 2 = M+^+Af-^] 2 = 
Af + [ai] 2 + 0(e 2 log 2 |) and, since w is decreasing in |a;|, ip( °'"^ *~ gj ~ J ) < it;( *~ 3 ) = o(e 2 ) for i ^ j. 
Then we deduce K C V e and, by Proposition ^. 2[ 

/> 

C2 



(3.16) J £ (P) = — ^ M + [ ai } 2 + o(e 2/3 ) uniformly on K, 



i=l 



by which, since c 2 2j=i Ai + [ai] 2 = ^£ 2/3 if (oi, ■ ■ • , flf) G <9C7, 

(3.17) J E [P] = j(l + o(l)) £ 2/3 uniformly on if . 

Let rj £ namely rj : K — * T> e is a continuous function such that r)(P) = P for any P G -Ko- Then we 
can compose the following maps 



A D 17 < — > if — ^> r?(i<r) C V £ y ^ A", 
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denoting by tta the orthogonal projection of W N onto A, and we call T : U — > A 1 the resulting composition. 
T is a continuous map. We claim that T = id on dU. Indeed, if (di, . . . , ai) £ c?J7, then (ai +61, . . . , at + 
6^) £ A'o, consequently 77(01 + b±, . . . , at + 6^) = ai + 61, . . . , at + bt, by which 

T(oi, ...,%) = (vr j4 )^(a 1 + 61, . . . , a t + b e ) = (a x , . . . , a*). 

Since = (0, . . . , 0) £ J7, hence the theory of the topological degree ensures that deg(T, U, 0) = 
deg(id, U, 0) = 1. Then there exists (ai,...,a^) £ U such that T(ai,...,a^) = 0, i.e. P v := r](ai + 
61, . . . , a,£ + be) £ B l . Using Proposition 12 . 21 we get 

, pn _ p n s 



mm J e [r,(P)] < MP"} = -f E^P?] 2 " | E K^V^) + ^ " 

1=1 i^j 

Hence 



j; = supmin J e [^(P)] <o(e 2 ^). 
On the other hand, by taking r\ = id and using (|3.16p . 

J* > min JJP] > o(e 2 ' 3 ). 

Combining last two estimates we get (|3.15p . Finally comparing (|3.15|) with (|3.17p , the max- min inequality 

dmn) follows. 

3.1.2. II case: h, k > 1, £ : h + k < 6. For the sake of simplicity assume h > k. In order to define if 
and ifo, we need to consider special type of configurations P(a, r) <E R m . To this aim it is convenient to 
distinguish three cases. 

(1) 



k = hotk = h— 1. 



We set Ti = (— Let us fix v 6 A such that |v| = 1. Then we consider the configurations 
P which lie in A and are aligned in the direction v with alternating sign, i.e. configurations of 
the form 

/ a \ 

a + r 2 v 

a + (r 2 + r 3 )v 



(3.18) P = P(a,r) = 



\ a + (r 2 + . . . + r^)v / 
where a £ A and r = (r 2 , . . . , re) £ (0, +oo) e ~ 1 . Observe that by construction we have |Pj — Pj\ — 
Tj+i + rj + 2 + . . ■ + Ti if i > j, therefore 

(3.19) n = \Pi- Pi-i I = min |P - Pj \ = min \P t - Pj\ Vi = 2,...,£. 

j<l j<l,Tj=-Ti 

Moreover, if i > j and TjTj = 1, then i > j ' + 2, and consequently |Pj — P/| > 7, + r$— 1, by which 

(3.20) IP - P I > 2 min r s if T iT , = l.i 4 j. 

J 2<s<£ J 



(ii) fc = 1, 2<h<h, r > 2 



We set n = —1, u = 1 for i = 2, . . . ,£. Let us fix v 2 , . . . , vt £ A such that |v<| = 1 and each 
Vi points at the vertex of a regular h polygon. Then we consider the configurations P which lie 
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(3.21) 



in A and such that Pi for i > 2 is located on the half-line starting from Pi in the Vj direction; 
more precisely 

/ « \ 

a + T2V2 

P = P(a,r)= a + r 3 v 3 



(3.22) 



where a £ A and r = (r2, . . . ,rg) G (0, +oo) £_1 . We point out that 

r( = |Pi-i\|= min |P-P.,-| Vi = 2,...,£ 

Moreover, if TiTj = 1, then i,j > 2 and we have \Pi — Pj\ 2 = rf + r| — 2r,rj cos HulizZi^ which 
implies 



(3.23) 



27T 

Pi — Pi I > a/2 — 2 cos — min r s if TiT, = 1, i ^ 7. 

' /l 2<s<l J 



(3.24) 
(hi) 



Taking into account that y 2 — 2cos^ > 1 if 2 < /i < 5, by (|3.22p and (|3.23|) we immediately 
get 

IP — P,- 1 > min r, if i 7^ 7. 



h = 4, ft = 2, r > 2 



(3.25) 



We set Ti = T3 = — 1, T2 = T4 = T5 = T6 = 1. Let us fix two orthogonal vectors v, w G A such 
that |v| = |w| = 1. Then consider the configurations of the type 

/ a \ 

a + r 2 v 
a + (r 2 + r 3 )v 
a + (r 2 + r 3 + r4,)v 
a + r 5 w 
y a - r 6 w J 

where a £ A and r = (r 2 , . . . , 77) G (0, +oo) e ~ 1 . It is immediate to check that 



P(a,r) 



G 



(3.26) 



(3.27) 



and 



r t = min |P - PA = min |P - PA 

j<l j<l, Tj=-Ti 



\P%~ Pj\ > v 7 ^ min r s if rjTj = 1, j. 



Observe that (i)-(ii)-(iii) cover all cases (/i, k) with the assumptions of Theorem 1 1.21 
We now define: 



S = < P G 



c 2 ^M[P] 2 + c 3 5>( 



e ) 2 



and 



P={( a ,r)64x (0, +oo) < '- 1 : P(o, r) e 5} . 
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U is an open set. In principle, we do not know whether U is connected or not, so we will define U 
as a conveniently chosen connected component. We claim that (0,r e ) £ U, where r e is defined as: 
r £ = (2elogi ...,2elogi) el'" 1 . 

Indeed, setting P(0,r £ ) = (P?, . . .,Ff), according to (|XT9f . (jgHH) and (|X26f we have |if - PP| > 
2e log i for z ^ j and, by (| 1 . 5[> . we immediately check w( ' - 3 ) = o(e 2 ) for i ^ j. Furthermore, according 
to (lXT8ll - (lX2Tll - (1X251) one has \Ff\ < 2felog±; then we infer M[PP] 2 = M+[PP] 2 = 0(e 2 log 2 ±). 

Now we are in conditions of defining U , if and Kq: 

U = the connected component of U containing (0,r e ), 
K = {P(o,r) G M m : (o,r) £ V} , 

if = {P(o, r) G : (a, r) G d£/} . 

if is clearly isomorphic to U by the obvious isomorphism, and ifo rs In particular if and ifo are 
compact sets and if is connected. Moreover we have Kq C if C X> £ . 

If P = P(a, r) G if, by ^7} and (1XT91) . (1X221) . (1X261) we get n > 2f3 2 e log § for alH = 2, . . . , £; then 
([X20]) . (1X23]) . (1X27|) imply |Pi - Pj| > 2elog± if r^- = 1 and i ^ j for /3 sufficiently close to 1 (observe 
that y^2 - 2 cos ^ > 1 if 2 < ft < 5). Then by (JOJ) it follows that 

,p. — p.\ 

wy— -J = o(e ) if TjTj = 1, j ^ j, uniformly on if. 

Roughly speaking, the configurations in if have the crucial property that the mutual distance between 
the points Pi, Pj with r» = Tj, i ft j, is sufficiently large so that their interaction term w( % — D ) becomes 
negligible; moreover, since if C A 1 , then M[P^] 2 = Ai + [Pi] 2 , and consequently the main terms which 
appear in J £ are positive. Indeed by Proposition 12.21 we deduce 

i 

(3.28) J e [P] =|^M+[Pif + jY,™( Pl ~ Pj ) +o{e 2t) ) uniformly on if, 

i=l i^j 

by which, since c 2 ^ti Af+[Pi] 2 + c 3 £iyy ^(^r^) = f £ 2/? if P G #o, 

(3.29) J E [P] = j(l + o(l))e 2/3 uniformly on if . 

Let r\ £ J- ', namely rj : if — > T> e is a continuous function such that r/(P) = P for any P £ Kq. Then we 
can compose the following maps 

A x (0, +oo)^ 1 D TJ < — >K-^ V (K) cP E ^ix(0, +oo)^ 1 
where H = {Hi, . . . , He) : R Ne ->ix(0, +oo)^" 1 is defined by 

Hi (Pi, . . . , Pi) = n A (Px), Wi(Pi, ...,P t )= min |P t - Pj| for i > 2, 
denoting by ir^ the orthogonal projection of M. N onto A. We set 

T : U ^ A x (0,+qo)^ 1 
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the resulting composition. Clearly T is a continuous map. We claim that T = id on dU. Indeed, if 
(a, r) e dU, then by construction P(a, r) <E Kq; consequently ry(P(a,r)) = P(a, r), by which, using the 
definitions (^18 |l -(^2l ]l -(^2g ]) . 

Wi(P(a,r)) = 7r A (a) = a 

while, using (|515 |l -(|5^2 |l -(|5^5 |l . 

Wj(P(o,r)) = r, for i > 2. 

This proves that T = id on 

The theory of the topological degree assures that deg(T, U, (0, r e )) = deg(id, U, (0, r £ )) = 1; then there 
exists (a^,r^) e £/ such that T{a n ,r 7] ) = (0, r e ), i.e., setting P'' := 7](P(a ri ,r v )) S T)(K), 

(3.30) 7u( p i) = 0, min |P? - P?| = 2elog i for i > 2. 

j<i,Tj=-Ti J £ 

In particular this implies 

P?€B, \PV - PV\ > 2e log ~ if 75 = -r, , 



which gives 



w\ 



-)= °(e 2 ) if 7* = -Tj. 

Moreover, by the second of (|3.30p , recalling that ri = — T2, it is not difficult to check that |P^ — Py \ < 
2£elogi for all i; then ^(Pf)! = KaCP? - P?)\ < 2felog± and consequently 

M[P/'] 2 = -M-[P/f + 0{e 2 log 2 i' 
By Proposition 12 . 21 wc infer 

minJ £ KP)]<J £ [P"]=-|^A/-[P;'] 2 -| £ w (^_^L) +o( ^)< o( ^). 

i=l i^j, Ti =Tj 
By taking the supremum for all the maps G T we obtain 

J* = sup min J e [r?(P)] < o(e 2/3 ). 

On the other hand, by taking r\ — id and using (|3.28[) . 

J* > min JJP] > o(e 2/3 ). 

e — p( - K 

Last two estimates yield p,15[) . Finally, comparing (|3.15| with (|3.29p . the max-min inequality (I3.14j) 
follows. 

3.2. Proof of (P3). Let us define 

i 



$ £ :iWM, $ £ (P) = |^M[P] 2 + |^ W (- 



i=i i^j 

We shall prove (P3) by contradiction: assume that there exist e„ — ► 0, P En = (Pf n , . . . , P/ n ) € <92? e 
and a vector (/J, ent i, A* E „,2) in the unit circle, i.e. /i 2 n 1 + /i 2 n 2 — lj such that: 
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Ve n ,lJ' e „ [PeJ + Me„,2*e B [Pe„] = 0. 

Last expression can be read as J^[P e J and $^[P e J are linearly dependent. Observe that this 
contradicts either the smoothness of &D En or the nondegeneracy of J' s \P en ] on the tangent space. 

For the sake of clarity, in what follows we will drop the subscript n. Moreover, at many steps of the 
arguments we will pass to a subsequence, without further notice. By using Proposition 12.21 and (|3.15|) , 
we have: 

(3.3D f£M[i?] 2 + 1 IM^t 2 ) = y £2 "' 

i=l ijij 

(3-32) | EW-IE^K^T 5 ) =0(£2/3) 

i=l i/j 

(3.33) 

c 2 ((m £ , 2 +A* B)1 )Af+[Jf] + Ofe.a - Ms,i)M-[P?]) 

Combining (|3.3ip and (|3.32|) we obtain: 

(3-34) c 2 J2M+[Pff + c 3 w{^^L) = C ^ + o(s^), 

»=i n=-Tj 

(3.35) c 2 £M-[Pf] 2 +c 3 £ W (£L^) = * e W + o(e W). 

8=1 Ti=Tj 

Motivated by (|3 . 33[> . we distinguish two cases: 

Case 1: There exists C > independent of e such that Y^i=i \^e,2+^e,i\M + [Pi] 2 +\^e,2—^e,i\M^[Pi] 2 > 
Ce 2 ' 3 . 

For instance, we can assume that Y^\=i lMe,2 + £ t <r.i|-^ + [-Pf ] 2 > Ce 2 ' 3 . In particular, recalling that 
M+[Pf] 2 < e 2/3 , this implies that |/i E)2 + /ti g|1 | and there exists i G {1, . . . ,1} such that M + [P?] 2 > 

The idea is the following: we make the derivative fi e ±J' e [P s ] + (j, e 2<&' e \P E ] along the same direction for 
all points "close" to P? . Since the direction is the same, the derivative of the interaction among those 
points should be zero. And this direction will be chosen conveniently to get a contradiction. 

Take (3' G (/3, 1) fixed; let us define 

I = {i = l,...,£: \P?-Pl\=o(eP')}. 

We take P/ Q + = (P/ 0il , . • . P/ <T , 0, . . . , 0) the projection of P? onto A (here P^ denotes the rc-th 
component of Pf )- Recall that \Pf \ = 0(e"). By multiplying (|3.33[) by Pf g + and adding in i G I, wc 
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have: 



(3.36) 



EE ^. 2 7 w '( 



^TN»p. / f{w P! )w P edx 



£ 



We now estimate each of the above terms in order to get a contradiction. First, observe that 



M+[Pt,PH = M +[P?,Pf] + M+[Pf - P[.Pn > Ce 1 ? + o(eW). Recall also that |/x e , 2 + 



0. 



So, it suffices to show that the rest of the terms in (|3.36|) are negligible to obtain a contradiction. 

We split the second sum in two terms; those with j € I and those with j ^ /. Let us start with the 
latter; by using Lemma I A. 2 1 we have: 



(3-37) EE 

i£l j$I 



<%_.j{\Pi-Pf\\ Pi-Pj 



e 



\PF - P? 



C8 + 0(l) , f \Pf-P?\\ Pt-PJ 



■ p 



e + 



Observe that, by definition of /, \PJ — P( \ > Ce 13 ' for i £ I, j £ I. This implies that w'\ 
o(e~ Ce 1+13 ), and then (|3.3T[) is negligible. 
We now consider the following sum in j G /: 



\Pf-Pf 



E E 



\pi-PA 



By a change of variables we deduce that J RJV f{wp i )wp j dx is a function of |Pj — Pj\. And it is easy to 
conclude that for any £ £ C 1 (R), 

E E 4^-^i)=E E ^-^1)^4 = 0. 



dPi 

So we get a contradiction in Case 1. 



\P - P< 



Case 2: E-=! I^,a + Me,i|^+[Pf] 2 + |/x £)2 - Me,i|M-[Pf] 2 = o(^). 



In a sense, here the effect of M[Pf] 2 is negligible and the interaction among the bumps is important. 
But in [9] it was proved that the bumps cannot reach an equilibrium by themselves (see Lemma |3.1|) . and 
this gives us the desired contradiction. 

Since Me i + Me 2 = 1- then at least one between Me,i + Me, 2 and Me,i — Me, 2 does not go to 0. If 
Me,2 + Me,i -h => E l M + [Pf? = o(£ 2p ), and by (031, £ Ti= _ T . W (^T^) > C ^ '■ Analogously, if 
Me, 2 — Me,i ^Owe can use (|3.35j) to conclude Yl Ti = r- w( P ' E Pj ) > Ce 2/3 . 

In any case, we have: 



So, there exist iq ^ jo so that 



E 1^,2 - M "■( '' ''■ ) ; C: 1 . 



\fie,2-^,m a r 30 \w( P?0 PjE ° ) ■ C: 1; . 



14 



TERESA D'APRILE AND DAVID RUIZ 



Define: 

r \p? _ pz i 

I = { i = 1, . . . , £ : — ^ — ; — r^r- is bounded 
[ £log(l/e) 

Observe that, at least, io, jo € I- For any i £ I, we can pass to the limit on the following expressions: 

P 6 — P £ 



2/3 £ log(l/e) 
and 

£~ 2P (fJ-e,2 - fJ, s ,inTj)w[ 3 j ► Oj,j £ 1, j = 1, . . . 



We point out that Qi = and ai .j ^ 0. We recall that w(— -) = 0(e 2 "); hence, from (|1 .5f) . we 



obtain: 



Pf - PI 



(3.38) Qj - Q, = lim => | Qi - Qj | > 1, i, j £ I. 

Before going on, we are interested in extracting consequences from aij 7^ 0, with i G /. In such case 
there exist c, d positive constants such that ce 2/3 > w( ' - 1 ) > c'e 2/3 . Then, 

\p?-p!\ 



2/?elog(l/e) 

In particular, j € J. Moreover, similarly as in (|3.38|) , we obtain that \Qi — Qj\ = 1. 
By using (|3.33p together with Lemma fA~2l we get: 

c 2 ((Ms,2 +/i E ,i)M+[if] + (^, a -Me,i)Af-[Jf]) + 

3, 3¥* 1 

We multiply by e 1_2/3 and use (|1.5[) to obtain 



C 3 J] £- 2/3 (fe,2 ~ Me,l7-<T>(-i— ^-) < _ ^ o(1) , f g J. 

Recall that a,,j = for any j ^ I. Passing to the limit: 



(3.39) J2 a ^vj—m = > ieL 

In other words, the points Qi £ M. N , i £ I, satisfy that Q io = 0, \Qi — Qj\ > 1 and (Qi)igj is a critical 
point of the function: 

(3.40) (Zi)ieZ'— > a i,j\ Z i~ Z 3l Z t £^ N . 

where dij = Oj,j, djj — for points Qi, Qj such that \Qi — Qj\ > 1, and ai 0j0 =/= 0. 

We finish the proof by showing that this is impossible. For that we need to distinguish between the 
case of positive peaks and the case of mixed positive and negative peaks. 

In the first case Tj = 1 for all i = 1, . . . By the definition of aij and the fact a,i j ^ 0, we conclude 
that ^ £j 2 — Me.i 0- Moreover, djj have all the same sign as — A* e ,i- Assume, for instance, that 
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a>i,j > 0. But in such case (Qi)iei cannot be a critical point of the map given by ()3.40j) . as can be seen 
using dilatations. More specifically, if we multiply (|3 . 39[) by Qi and make the addition, we get: 

in _ q 3 \ -Qi = Y a hAQi -Qj\> a i ,h > °- 

The case in which there are peaks of different sign is excluded thanks to the next lemma, proved in 
[9]. We point out that the restriction I < 6 is needed only at this point. 

Lemma 3.1. Let £ > 2 and consider the function: 

where dij = dji. Suppose that $ is not identically zero and that there exists a critical point (Qi, . . . , Qe) 
of $ satisfying: 

\Qi - Qj\ >1 for i ^ j and \Qi - Qj\ = 1 if a i; j ^ 0. 

Then 1>1. 

Proof of Theorems 11.11 and 11.21 completed. According to Lemma 12.31 for e > sufficiently small 
X w P e + 4>p c solves the equation (|1.2|) . where P e = (Pf, . . . ,Pf) £ T e is the critical point of J e with 
critical value J*. The construction of the family P e depends on the particular (3 £ (0, 1) chosen at the 
beginning of Section 2. To emphasize this fact we denote this family as P e ,/3- Let (3k C (0, 1) be any 
sequence such that Then there is a decreasing sequence of positive numbers Sk such that for all 

< e < Ek one has: 

(1) X™P e ,0 fc +<fc>e,0 k S0lveS dm. 

(2) by J2JD, \P t sA \ < (mini |Ai|)-V2 e /»*, \P^» - Pj A | > log § for j ^ j, and 

(3) |</>P e ,J<£^ 1+CT >. 

We define P e = P e ,/3 fc and v £ = x w P e p + e ^ < £ < £ fc an d we clearly have that the theses of 
Theorem 1 1 . I 1 and Theorem 1 1 . 2 1 hold . 

Appendix A. Key energy estimate 

Consider the configuration set T E and the approximate solutions x w p defined in Section 2. In this 
Appendix we will derive some crucial estimates. We note that by assumption (V2) and (|2.7[) we have 
|W(P)I < Ce^ for P £ T £ ; then by ((T3J) we deduce 

\V(x) X w Pi - V{Pi)w Pi \ < \S7V{Pi)\\x-P i \wp i +C\x-P i \ 2 wp i <Ce 1+/3 w% 3 , 

by which 

(A.41) V{x)xwp i ~ V{Pi)w Pi = 0(e 1+/3 )w 2 p ( 3 , V(x)xw Pt - w Pi = 0(e 2p )w% 3 

uniformly for P G T E . 

Remark A.l. Observe that by (|I.5p it follows that 



w(0 - \l + \z + £\ 
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Since mf~CT < 2(1 + \z\), we deduce 
(A.42) 



w(0 



By taking z = and £ = ^L_El ; (TA~42j) yie/d 



(A.43) 

uniformly for PeT E 



The next two lemmas are devoted to estimate some integrals associated to wp^s. 



Lemma A. 2. For i =/= j the following expansions hold uniformly for Pel £ : 

P — P 

e 



f(w Pi )w Pj dx = c 3 e N (l + (i)) tu (^_^) ] 



_9_ 

dp 

where c 3 = j^jy f(w)e Xl dx. 



f{w Pi )w Pi dx 



c S e JV - 1 (H-o(l)V( 



,/lPi-PiK Pi-P } 



Pi - P 



Proof. First consider the function 

£(p) = I f{w)w(x + pe l )dx, p > 0, 



where ei is the first vector of the standard basis of Mr, i.e. ei = (1,0,... ,0). According to (|1.5| for 
every x € K w we have 

w(x + pei) 



(A.44) 



lim 



lim e -\ x+peil+p = e^ 1 . 



Thanks to (|A.42[) the Dominated Convergence Theorem applies and gives — > J RJV f(w)e~ Xl dx. Next 
compute 

£'(/>)=/ /W^ + pe!) ,^ +P (fa. 
Jr« |s + pei| 



Using (|1.5[) and proceeding as above we get 

w'{p) 



f(w)e Xl dx. 



Since 



and 



f(w Pi )w Pj dx 



- A ' f(w)w (x +?L—?L)d X = e N z( {Pi Pjl 



d 



R N 



f(w Pi )w Pj dx 



N-lplf \Jj__Pj\_ \ Pi Pj 

~ H £ JIP-PA 



then the thesis follows. 



□ 



Lemma A. 3. For euery i — 1, . . . ,£ the following asymptotic expansion holds uniformly for P G T e : 
/ V{x)x 2 w Pi S/w Pi dx = -^-M[Pi] [ w 2 dx + o(e N+f) ). 
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Proof. Observe that 

\V(x 2 V(x)) - W(P t ) - D 2 V{P^{x - P l )\w Pi < C\x - P l \ 2 w Pz < Ce 2 w P /2 
by which, using that J RN D 2 V(P l )(x - P t )w 2 Pi dx = e N J RN D 2 V (Pi)yw 2 (y)dy = 0, 



2/ V(x)x 2 w Pi Vw Pi dx = - V(x 2 V)(x)w 2 p.dx = - / VV(P l )w 2 P .dx + 0(e N+2 ) 
Jm n Jr n Jwl n 

= -e N VV(Pi) f w 2 dx + 0(e N+2 ) 
uniformly for P £ T e , and, since W(P) = M[P] + o(\P\) as P — > 0, we obtain the thesis. 

The next proposition provides an estimate of the error up to which the functions x w p satisfy 

Lemma A. 4. There exists a constant C > such that for every e > and P £ r £ : 

\S E lxw P ]\<Ce^Y,w p -e 

i=l 

where S £ is the operator defined in 
Proof. By iTPljl we deduce 



e 2 A( X w P ) - V(x) X w P + f{xwp) = e 2 Aw P - w P + /(top) + 0(e 2/3 ) ^ 



2/3 



/(™ p )-£ Ti /(™ Pi ) + 0(^)^,2/3 



uniformly for Pef E . Given P G T £ , in the following we will make use of the following sets A £ 



I.A' 



wp. > ae 



01 



A Sii = ix G 

where a > is chosen such that, according to (|A.43|1 . 

A E) i n A e j = Vz ^ j. 

Observe that 

(A. 45) wp j < ae 13 < wp i on A e ,i for j ^= i. 

Then, by using assumption (fl), we get 

f(wp) - T l f(w Pl ) < Cw Pi ^w Pj on A Sii , 

by which 

f{w P ) - nf(w Pi ) < Ce^- a) ^{wp^p^wp-/ 3 < Ce^+^^w)-? on A e 
On the other hand 

\f(w Pi )\ < C\w Pi \ 1+a < Ce^+^wp-/ on R N \ A £<i , 
l/MI < Cj2\w Pj \^ < Ce?W£v£;fi on R N \ U* =1 A sd . 
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Since /3(/3 + a) < 2/3 we obtain the thesis. □ 

With the help of Lemma \A . 2 1 and Lemma [A. 3 1 we derive the following key energy estimate. 
Proposition A. 5. The following asymptotic expansions hold uniformly for P = (Pi, . . . , Pi) € T £ : 

(A.46) Ielxw P ] = Cl e N + | e ^Af[P] 2 -\Y. t ^ I f(w Pi )w Pj dx + o(e N+2fJ ), 

i=i ijtj Jrn 

where the constants C\ , c 2 are given by 

Ci = -[ (|Vw| 2 + w 2 )dx-l f F(w)dx, c 2 = \ [ w 2 dx. 

Proof. We begin by estimating the potential term: by (|A.41[) we derive 

/ V(x)\xw P \ 2 dx = y~] / y(x)|xwpj 2 rfa; + V^t? / V^xiup^tOftda: 

(A.47) =W(Pi)£ ff / w 2 dx + Y j T l T J V(P l ) [ w Pt w P] dx + o{e N+213 ) 



V (l + -MfPj] 2 )^ / w 2 dx + S2T i T j w Pi w P dx + o(s 



uniformly for P £ T £ , where the last equality follows by assumption (V2) and (|A.43|) . 
Next we compute 

■/ \V( X w P )\ 2 dx- [ F( X w P )dx = e — [ \Vw P \ 2 dx- [ F{w P )dx + o{e N+2 ) 

Jr n Jr n 2 J R N J R N 



£ 

~2 



(AA8) =( £ — ( \Vw\ 2 dx-£e N [ F(w)dx 

V ' ' 2 J R N J R N 

+ L.S2nTj Vw Pl Vw P] dx- (F(w P )-y j F{w P] ))dx + o(e N+2 ) 

Z ~f. JR N JS. N K , ' 

uniformly for PeT E . 

Combining (|A.47jl with (|A.48j) . and using equation (|1.3j) . we get 



Is K] = C1 £ N + + \ E T ^ [ ^ ^ da; 

i=i i/j ^ RN 

r e 

- / (P( WP )-V F{w Pi ))dx + o{e N+2p ) 
Jr n v ^i 

= c/ + ^VM[P l f-iVr l r J / /(^)i flp ,ds-if(P)+ ( e * +2 ' 3 ), 
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uniformly for P 6 r e , where we have set 



i 

ff(P)= / F{w P )dx-y2l F(wp i )dx — nTj I f(w Pi )w Pj dx, PelV 
Jr n i=1 it» rrj Jm n 



Consider the sets A e j defined in Lemma |A~4"1 by assumption (fl) we have 
\H(P)\ < V f F(w P ) - F(w Pi )- f{w Pi )Y^T i T j w Pj dx + cY] [ 

, JA , ~T JR 



By (|A.45|) we get 



i=1 JR N \A Eti 



2+a , 1+ 
W p J + W p J 



F(w P ) - F(w Pi ) ~ f{w Pi ) y ^2,T i TjW Pj < Cw P . ^2 w p, = C ^('«>p i iop j ) <T Wp j . CT on 

3'#i jV« j#« 

Taking into account of ()A.43[) and (|A.45|) . the above inequalities imply H(P) = o(e 7V+2 ) uniformly for 
P S r e . Then by $KM§ we obtain (jA~46ll . 

We now estimate the error term o(e Ar+2 ^) in (|A.46[) in the C 1 sense. To this aim, fix i £ {1, . . . , £}; by 
definition we have ^jg- — —TiX^w Pi . Then, by using Lemma rA.3[ we can compute 



T,- 



d I e [XWp] 

dP,. 



{l' e [xw-p]iX^wPi) = / (£ 2 A(xw P ) - V(x)\wp + f(xwp))xVw Pi dx 

JR N 
i 



= c 2 ne N M{Pi] + / (e 2 J^TjAwPi - Vtj^W^ + f{w P ))vw Pi dx + o{e N+p ) 
uniformly for P € T e . Since |VupJ < Ce~ 1 w Pi , using (j A.41|) and (|A.43|) . for i ^ j we have 



/ xV(x)wp j Vw Pi dx= / w P] Ww Pi +o(e N+f3 ), 
Jr n Jr n 



while L N w Pi Vw Pi dx = \ J RN Vwp.dx = 0. Then, using (|1.3p we arrive to 



dl £ [xwp] 
dR 



c 2 ne N M[P] + [e 2 ^ Tj Aw Pj - ^ Tj w Pj + j> P )) Vw Pi dx + o(e N+0 ) 

3=1 .7 = 1 



JV+/3N 



= c^^M^] + / (f{wp)-Y\ T 3 f(w P] ))Vw Pi dx + o{e l 

JR N K ~[ J 

= c 2 Ti£ N M[Pi\+Y,Tj I f'{w Pi )w P] Vw Pi dx + K{V) + o{e N+f3 ) 

~f. JR N 



uniformly for P € r e , where we have set 



r e 

K(P) = / (f(wp) ~ fiwp^r.wp^VwpAx 

jRN j = 1 jjH 
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(A.50) 



By assumption (fl) it follows 

\K(P)\ < [ /(tup) - nf(w p ) - f'iwr \Vw Pi \dx 

^2 \f( w p) - T jf{ w Pj)\\^ w p,\ dx 

CV / w P +a \Ww Pi \ +C V / Wp.wpAWw^ldx. 



5i=i ' 



Observe that 



(A.51) f{w v )-T i f{wp i )-f{w Pi )Y,r j w Pj \\Vw Pi \ < Ce' 1 £ w P + a w Pi = Ce' 1 J2(w Pi w Pj )w P . . 
Next fix j i: by (|A.45|) we have 

(A. 52) \f(wp)-T 3 f(w Pj )\\\'wp t \ < Ce~ 1 w Pj wp i ^2wp k = Ce' 1 (wp i w Pj )' J w 1 p:' J ^2wp k onA e ,j. 

Inserting (|A.51[) - (|A.52|) into (|A.50j) . and using (|A.43|) and (|A.45|) . we deduce if(P) = o{e N+1 ) uniformly 
for P G IV Thus we have obtained 



dPi 



= c 2 e N M[P l ] + y Ti Tj f f'(w P% )w Pj Vw Pi dx + o{e N+0 ) 
i# Jrn 

= c 2 e N M[P t ] - V Ti Xj~ f f(w Pi )w Pj dx + o(e N +P) 



uniformly for P G T e , and the second part of the thesis follows. 



□ 



Appendix B. Lyapunov-Schmidt Reduction 

In this appendix we carry out the reduction procedure sketched in Section 3. In particular we will 
prove Lemma |2~T1 and Proposition ^. 21 A large part of the proofs follows in a standard way but we include 
some details here for completeness. 

B.l. The linearized equation. Consider the functions Z Pi;1l defined in Section 2. Observe that by 
proceeding as in the proof of (|A.41|) we deduce 



(B.53) 



J Pi,n 



fl-e 2 A 



dw 



uniformly for P £ T e . After integration by parts it is immediate to prove that 

d(xwPi)' 



(B.54) 



I (j)Zp iyn dx V(j) £ ffi 



then orthogonality to the functions 9 ^™ Pi> in H V (M. N ) with respect to the scalar product (•, -) e is equiv- 
alent to orthogonality to Zp i>n in L 2 (R N ). Hence we easily get 

dw 2 



(B.55) 



y d{xw Pj ) _ N _ 2 

£Pi,n — o ax ~ ij°nm£ 

ox m 



dx\ 



H 1 



uniformly for P £ T £ (5y and S nm denoting the Kronecker's symbols), where IMIhi(rn) '■— Jrn(|Vv| 2 + 
\v\ 2 )dx. 
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Let fj, € (0,cr) be a sufficiently small number and introduce the following weighted norm: 



*,p := sup [^2w Pi (x)\ \<f>(x)\ 



(B.56) 

We first consider a linear problem: given P G T £ and 9 S L 2 (EL N ), find a function </> and constants aj„ 
satisfying 

!£p[0] = 9 + 2J Oli n Zp itn , 
i,n 
4>E H 2 {R N )nHl,(K. N ), / </>Z Pi , n da; = Qfori = l ) ...,^n = l ) ...,JV, 

where 

£ P [0] := e 2 A0 - V(x)0 + fix™*)*- 

Lemma B.l. There exists a constant C > smc/i i/ia£, provided that e is sufficiently small, i/P £ T £ 
and (4>,0,oti n ) satisfies l[B. 57\) , then 

|a m | <C(£ 1+CT ||0|U,p+e||0|U,p). 
Proof. By multiplying the equation in (|B.57|) by — ^ — - and integrating over R N , we get 



(B.58) 



E 



d(xwp. ) 

/ AP ilTi rfx = 

RN Win 



OX m JR N ox m 



First examine the left hand side of (|B.58p . By using (|B.55I) 



(B.59) 



Zp u n- 



&X, 



-dx 



>CE N -*\a jm \+o(e N - 2 )J2\ 



The first term on the right hand side of (|B.58|) can be estimated as 

} d(xwp 3 ) 



(B.60) 
Finally, by using (|B.53|) 



dx r . 



Cp[4>]— —dx 

RN OXm 



dx < C||0||,,p / |Vw Pj |d:z; < Ce^^ 1 1 1 6^| | 

a(xw Pj . ) 



dx r . 



<C||0||*,p/ (/'(«&•)-/'(«*,)) 



dx 

dz + Ce™- 2 ! 



*.p 



y[ wp.wp, dx + Ce N+2 P- 2 U\\^ 



<c||0|U,p( £ JV+2 ^- 1 + £ Ar+2/3 - 2 ) 



where last inequality follows from (|A.43p . Combining this with (|B.58|) . (|B.59|) and (|B.60|1 . we achieve the 
thesis. □ 



Now we prove the following a priori estimate for (|B.57I) . 
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Lemma B.2. There exists a constant C > such that, provided that e is sufficiently small, if P G T E 
and (4>,9,a.i n ) satisfies {[B.Sty , the following holds: 

\\<t>\\*,p <C||0||,, P . 

Proof. We argue by contradiction. Assume the existence of a sequence e k — > + , S r efc and 
(4> k ,9 k ,a^ n ) satisfying (|B.57|) such that 



i, INI*,p* = o(i). 



By Lemma IB~T1 we deduce a k in = o(e) for every (i,n), by which \\9 k + Y^i, n a in-^p.\JI*.P* = °(1) an d, 
consequently, 

(B.61) \\e 2 k Afa ~ V(x)fa + /'( X wpJ<felkp fc = o(l). 

We claim that 

(B-62) II^IU»(ui =1 fl a . fc (P*}) = o(l) Vi?>0. 

Otherwise, we may assume that H^fcH^^^ (p*)) > c > for some i? > 0. By multiplying the equation 
in (|B.57[) by <^fe and integrating by parts we immediately get that the sequence cj) k (e k x + Pf) is bounded 
in iJ 1 (R Ar ). Therefore, possibly passing to a subsequence, <\> k (e k x + ) — >■ </>o weakly in 7? 1 (R Ar ) and 
a.e. in WL N , and 0o satisfies 

A0o - 0o + /'H0o = 0, |^,(x)| < 

According to elliptic regularity theory we may assume 4>k(£ k x + Pi) — > </>o uniformly on compact sets, 
then ||0o||oo > c. By assumption (£3) 0o = X^=i a «;|r~- On the other hand for m = 1, . . . , N, using 
= / RN <fi k (e k x + P?)Z P * >m (e k x + P?) - E£=i«»/i»« £^(1- A)^ = o ro ||^-||^ I(RW) , which 
implies a m = 0, that is 0o = 0. The contradiction follows. 

Hence we have proved (IB.62|) . by which we immediately obtain 

||/'(wpJ0k||*,p* = o(l) 

and, by (|B~6l|) . 

|| e 2A^-V(3 J )^||., Pfc = o(l) 

Observe that by (|1.5|) . if we set $fc(x) = i ( 5_w =1 tup.*)**, it follows that, provided that fi is chosen 
sufficiently small, for every k: 

Then one has 

e^A($ fc ± <f> k ) - V(x)($ k ±<f> k )<0 in R N . 

By the comparison principle it follows that & k ± (f> k > 0. Then we have \4> k \ < if Wp.k)^ , by which 
||0fe||*,Pfe < |j i n contradiction with ||<^>fc||*,p fc = 1. □ 



Now we are in position to provide the existence of a solution for the system (|B.57[) . 
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Lemma B.3. For e > sufficiently small, for every Per E and 9 £ L 2 (R N ), there exists a unique pair 
(<fi,ai n ) solving |_B.57| j. Furthermore 

H\U,p < C||0||*, P , \a m \ < C{e 1+a \\9\\*.p + e\\e\\ mtP ). 



Proof. The existence follows from Fredholm's alternative. For every P £ T e let us consider Hp the closed 



subset of defined by 



Vi = !,...,£, Vn = L...JV 



9x„ 

Notice that, by (|B.54|) , <f) £ "Hp solves the equation £p[</>] — 6 + ^ n cn n Z Pi>n if and only if 

(B.63) {4>,ip)e- f f\xwp)Hdx = - [ 6ipdx Vip eHp. 

Jr" Jr n 

Indeed, once we know <f>, we can determine the unique cti n from the linear system of equations 



[ f ixwp)^ —^-^ 2 - dx = f 6> ^^ WPj - dx + y~] a in f Zp un - 

JR« OX m „/ r jv OX m . J R w 



9x„ 



■ dx, 



for j = 1, ...,£, m = 1,...,N, which is uniquely solvable according to (|B.55j) . By standard elliptic 
regularity, <j) £ H 2 (R N ). 

Thus it remains to solve (|B.63[) . According to Riesz's representation theorem, take /Cp (</>), 9 £ Hp 
such that 

{fCp(<j>),^) £ = - [ J\ X yJp)Hdx (§,il>) e = - [ Oijjdx V^Tip. 
Then problem (|B.63p consists in finding <f> £ Hp such that 
(B.64) + /C P (0) = 9. 

It is easy to prove that /Cp is a linear compact operator from Hp to 7ip. Using Fredholm's alternatives, 
(|B.64|) has a unique solution for each 9, if and only if (|B .64|) has a unique solution for 9 = 0. Let <fi £ Hp 
be a solution of <j> + K.p((f>) = 0; then cf> solves the system (|B.57|) with 9 — for some a.i n £ R. Lemma 
IB. 2 1 implies <j>=Q. The remaining part of the Lemma follow by Lemma [B. II and Lemma fB. 21 □ 



B.2. Lyapunov- Schmidt Reduction. To complete the Lyapunov-Schmidt Reduction, it remains to 
prove Lemma 12.11 and Proposition 12.21 

Proof of Lemma 12.11 We write the equation in (|2.8|) in the following form: 

(B.65) Cp[<f>] = -S e [ X wp] - N P [<f>] + ^nZ Pl .n 

i,n 

and use contraction mapping theorem. Here 

A/p[$ = fixwp + <p) - f(xwp) - f'{xwp)<t>. 

Consider the metric space Bp = {<p £ L 2 (R N ) | ||0||*,p < e v } endowed with the norm || • ||* : p. Given </>i, 
4>2 G Bp, by assumption (fl) we have 

(B.66) ||M#i] -Mp[fa]\\*,v < C*e CT "||0i - h\\*,P- 
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For every (f) € Bp we define Ap[4>] € ff 2 ^) n i?"y(R iV ) to be the unique solution to the system (|B.57j) 
given by Lemma IB~3l with 8 = 9p[(j)] ■= —S e [xwp] — Afp [(/>]. By (|B.66|) , Lemma lA~4l Lemma lB~3l 

MpMI|.,p < C||0p[0]II*,p < C(s^+^ +e^+ a >') < e" 

at least for small e, and hence -Ap[0] S Sp. Moreover, since ^4p[0i] — Aplfo] solves the system (IB. 571) 
with 9 = — 7Vp[0i] +Afp[(f>2], by (|B .66|) and Lemma [B. 31 we also have that 

WApI^] - -4 P [<fe]lkp < c||7vp[0i] -tVpWIU.p < ||0i - ^||*,p v&, 2 e Bp, vp e r e , 



i.e. the map *4p is a contraction map from i3p to i3p. By the contraction mapping theorem, (|2.8[) has a 
unique solution (0p,ai„(P)) eBpX 

Finally, by multiplying the equation in (|B.65|) by (ftp and integrating over K.^ we immediately obtain 
(0p,0p) e < Ce N+2v . By Lemma[RT]we get 

|a in (P)| <C(e 1+ l<Mkp + e||M<Hlkp) < 

The fact that the map P G r e — * 4>p 6 i?y(M'' v ) is C 1 follows from the Implicit Function Theorem. 
See [3J, for instance. 

Proof of Proposition 12.21 We compute 

Iebpop + M = r / (e 2 |V(xw P + </>p)| 2 + ^(i)(xwp + P ) 2 )dx - / F(xw P + P )efe 

= I s [xwp]-[ S e [xwp](j)pdx + \{4>p,(f)p)e 

- / (F(xw p + cf>p) - F(xwp) - f(xwp)4>p)dx. 

JR« 

By Lemma fA.41 we have |S e [xwp]| < s n Yli=i w p^^ f° r sma U £ j while |F(x?«p + 0p) — F(xwp) — 
f{x vj p)'pp\ — C|0p| 2 ; hence, by using (I2.10|) we get 

Ielxwp + M = I £ [ X wp] + 0(e N+2 ) 

uniformly for P G T e . (|2.11|) follows from Proposition IA. 51 Next, denoting by Pj lTi the n-th component 
of Pj, since ^p^- = — Ti^p-, we compute 

d t \ , l f c r | / -,i9(xwp +0 P ) 
-4[xw P + 0pJ = - / 5 £ |x«i P + (pp\ — dx 



9Pi,n JR« QPi,n 

T -ixwp] - n(<pp, d (* Wp ^ ) -[ S £ [xw P + <h]-7^r- - [ (fixwp + <h) - /(xwp))-^" 1 

\ OX n / S J R N Ofi n J K N 



-felx^p] - Vajm(P) / Z Pi,mjfFT-+n I (fixwp +0p) - /(xu ) p))Xir^ L - 

J, 771 



Since J RN Zp j:Tn (j)p dx = 0, by differentiation we gefj 
(B.67) / Z P] , m §pL d x = -[ d -^<t>P=0(s^- 2 ), 



2 Observethat I = S tJ \ (V (x) - e 2 A) ( gf- (x^f)) I < C £ - 2 «, Pi by JL5}. 
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by which, using Lemma l2.ll 

(B.68) E<W P ) / Zp j 



■dPi. 



■dx^O{e N+2 ^ 1 ). 



By assumption (fl) we have \f{x w P + <t>p) — f(x w p) — f'(x w p)4 > p\ < C| ( /'p| 1+ ' t ; consequently 



(B.69) 



(fixwp + fa) - fixwp) - f (xwp)fa)x 



dwp i 
dx n 



0(e 



N+n(l+o)-l 



)• 



Finally, by fOg)) and jR53|, 

/ f(xwp)fax 

Jm N 

(B.70) 



dwp i 



dx„ 



f\xwp)x^r^- - ^p,. 

ox n 



<Ce"/ |/'( WP )-/W)| 
<9wp, 



dwp i 



dx r , 



>dx 



<CV'W ™% 



8x n 



dx + Ce N+2p+r ^- 1 < Ce N+2fj ° + i- 



where in the last inequality we have used (|A.43|) . Combining (|B.68[) - (jB.69j) - (|B.70|) . we deduce 



8 



■Ie[XWi 



d 



■I £ [xwp]+0(s n+ ^ 2 - 1 ) 



uniformly for P 6 T £ . By applying Proposition we obtain (|2.12p . using that /3(1 + cr) 2 — 1 > j3 thanks 
to assumption (fl) if (3 is close to 1. □ 
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